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Abstract The performance of all-optical dual-hop relayed free-space optical
communication systems is analytically studied and evaluated. We consider
the case when the total received signal undergoes turbulence-induced chan-
nel fading, modeled by the versatile mixture-Gamma distribution. Also, the
misalignment-induced fading due to the presence of pointing errors is jointly
considered in the enclosed analysis. The performance of both amplify-and-
forward and decode-and-forward relaying transmission is studied, when hetero-
dyne detection is applied. New closed-form expressions are derived regarding
some key performance metrics of the considered system; namely, the system
outage probability and average bit-error rate.
Keywords Dual-hop relaying · free-space optical (FSO) communications ·
mixture-Gamma distribution · pointing error misalignment
1 Introduction
One of the main challenges in free-space optical (FSO) communications is the
channel fading due to turbulence-induced scintillation and misalignment. The
former is mainly caused by the random fluctuation of the refractive index,
whereas the latter by time-varying pointing errors due to thermal expansion,
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dynamic wind loads, and internal vibrations [3]. To mitigate channel fading,
an all-optical cooperative transmission via relaying can be used, which brings
impressive performance improvements in FSO systems [2, 6, 12].
To efficiently address the composite turbulence-induced and misalignment
fading, various distribution models have been proposed. Among them, the
most popular ones (due to their accuracy and generality) are the Gamma-
Gamma and Ma´laga distribution models. These models, combined with the
pointing error effect, result to highly complicated probability density function
(PDF)/cumulative distribution function (CDF) because the rather cumber-
some high-order Meijer’s G-function is included therein [1]. Due to this reason,
the performance of relayed transmission has been only merely studied so far in
FSO communication systems. Specifically, only approximate analytical results
have been presented to date, regarding the asymptotically high signal-to-noise
ratio (SNR) regime (e.g., see [1,12] and relevant references therein). Neverthe-
less, analytical results for the performance of all-optical relayed FSO systems
in the entire SNR regime (low-to-high) are not available so far.
Capitalizing on the aforementioned observations, we study the performance
of all optical dual-hop relayed FSO systems over composite fading channels
and pointing errors in arbitrary SNR regions. Three popular relaying trans-
mission protocols are adopted; namely, the channel state information (CSI)-
assisted amplify-and-forward (AF), the AF with a fixed (statistical) gain,
and the decode-and-forward (DF) relaying transmission schemes. The mix-
ture Gamma (MG) distribution model is used to capture the statistical prop-
erties of turbulence-induced channel fading. It was recently indicated in [10]
that the MG distribution sharply coincides to both the Gamma-Gamma and
Ma´laga generalized distribution models. Thus, it serves as an effective model to
accurately approach channel fading in weak-to-strong turbulence conditions.
Further, the misalignment-induced fading is also considered, by assuming the
commonly adopted model of zero-boresight pointing errors.
The analysis of current work focuses on the coherent heterodyne detection
type. Although it represents a more complicated detection method than other
alternatives, it has the ability to better overcome the thermal noise effects
[7, 12]. New closed-form expressions are derived for key system performance
metrics, i.e., the system outage probability and ABER. The derived results
can serve as an efficient means of evaluating the performance of the considered
relaying schemes, whereas they are much more time-effective than the available
methods so far (i.e., time-consuming manifold numerical integrations and/or
exhaustive simulations).
Notation: fX(·), FX(·) and F¯X(·) represent PDF, CDF and complementary
CDF of the random variable (RV) X , respectively. Moreover, Γ (·) denotes the
Gamma function [4, Eq. (8.310.1)], Γ (·, ·) is the upper incomplete Gamma
function [4, Eq. (8.350.2)], and erf(·) represents the error function [4, Eq.
(8.253.1)]. Finally, 2F1(·, ·; ·; ·) denotes the Gauss hypergeometric function [4,
Eq. (9.100)], while Wµ,ν(·) is the Whittaker’s-W hypergeometric function [4,
Eq. (9.220.4)].
Title Suppressed Due to Excessive Length 3
2 System Model
Consider an all-optical dual-hop relayed FSO system, which consists of a
source, relay and destination node; all equipped with a single aperture. Two
transmission phases (e.g., two consecutive time slots) are required to complete
the end-to-end information transmission. In the first transmission phase, the
source converts the RF signal to optical signal and send it to the relay node.
Upon reception, the relay process the latter signal according to the underlying
relaying transmission protocol. Then, in the second transmission phase, the
relay retransmits the signal to the destination. It is assumed that the direct
source-to-destination link does not exist, due to strong propagation attenu-
ation and/or severe channel fading conditions. We retain our focus on three
popular relaying protocols; namely, CSI-assisted AF relaying, AF relaying us-
ing a fixed (statistical) gain, and DF relaying. Correspondingly, the end-to-end
SNR is given by [12]


γCSI ,
γ1γ2
γ1+γ2+q
,
γFixed ,
γ1γ2
γ2+U
,
γDF , min{γ1, γ2},
where γ1 and γ2 denote the received SNR at the two consecutive transmission
phases, while U is a fixed constant related to the fixed AF gain. Also, the
parameter q ∈ {0, 1} corresponds to the approximate CSI-assisted AF relayed
case (when q = 0) or the exact case (when q = 1).
The received signal at the two transmission phases undergoes joint chan-
nel fading (irradiance) and misalignment due to the possible pointing errors,
whereas it is subject to an additive white zero-mean Gaussian noise with power
N0. The recently proposed MG distribution is used to model the turbulence-
induced fading. Doing so, it turns out that the PDF of SNR at the jth trans-
mission hop, with j ∈ {1, 2}, reads as [10]
fγj (x) =
L∑
ij=1
aij c
ξ2j−bij
ij
ξ2jx
ξ2j−1
(A0j γ¯j)
ξ2j
× Γ
(
bij − ξ2j ,
cij
A0j γ¯j
x
)
, x > 0, (1)
where γ¯1 , PSη1I¯1/N0 and γ¯2 , PRη2I¯2/N0 denote the average received SNRs
at the relay and destination nodes, respectively, while ηj is the electrical-
to-optical conversion coefficient of the jth hop.1 Also, PS and PR represent
the transmit power of the source and relay, respectively, while I¯j denotes the
1 In the AF relaying case, where there is no optical-to-electrical conversion at the relay
node, η2 = 1 [12].
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average received irradiance at the jth hop, which is expressed as [10]
I¯j =
(
ξ2jA0j
1 + ξ2j
)
L∑
ij=1
aijΓ (1 + bij )c
−(1+bij )
ij
. (2)
Moreover, aij , bij and cij denote the parameters of MG distribution. As an
illustrative example, to model Gamma-Gamma channel fading, these param-
eters are defined in [10, Eq. (5)]. A similar matching can be easily obtained
when considering another generalized fading model, namely, the Ma´laga dis-
tribution [10, Eq. (9)]. At this point, it is worth noting that bij reflects the
minimum between the small- and large scale channel fading parameters at the
jth hop [8, 9]. The total number of sum terms in (1) determines the accuracy
level of MG distribution. It was shown in [10, Figs. 2 and 3] that a condition of
L ≤ 10 satisfies an acceptable accuracy level for most practical applications,
resulting to a rapidly converging series of (1). This reveals the great success
of the MG distribution model. Further, A0 is a constant term that defines the
pointing loss given by A0 = [erf(
√
pir/(
√
2wz))]
2, while r is the radius of the
detection aperture, and wz is the beam waist. In addition, ξ denotes the ratio
between the equivalent beam radius at the receiver and the pointing error dis-
placement standard deviation (jitter) at the receiver (i.e., the condition when
ξ → +∞ reflects the non-pointing error case).
3 Statistical Analysis
We commence by extracting some key statistical results, namely, the CDF of
the end-to-end received SNR for various relaying transmission modes. These
results are quite useful for the overall performance evaluation of the considered
system.
Under the condition bij − ξ2j ∈ N+ and using [4, Eq. (8.352.4)], (1) reduces
to
fγj (x) =
L∑
ij=1
bij−ξ
2
j−1∑
kj=0
Ξ(ij)x
ξ2j+kj−1 exp
(
− cij
A0j γ¯j
x
)
, (3)
where
Ξ(ij) ,
aijc
ξ2j−bij+kj
ij
ξ2j (bij − ξ2j − 1)!
kj !(A0j γ¯j)
ξ2j+kj
. (4)
Notice that the restriction bij − ξ2j ∈ N+ applies for integer channel fading
parameters (or to be more precise, bij − ξ2j should be an integer value). In
the case when at least one of the involved parameters is non-integer, (3) can
serve as a close-approximate of (1) and/or as a performance benchmark, since
it bounds the SNR performance between the nearest upper and lower integer
values of the corresponding fading parameter.
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Moreover, in the case when bij −ξ2j ≤ 0 (i.e., the misalignment-induced pa-
rameter due to the pointing error effect is equal or greater than the turbulence-
induced fading parameter), then the following inequality is used
Γ (−j, x) ,
∫ ∞
x
t−j−1 exp(−t)dt
= exp(−x)
∫ ∞
0
(t+ x)−j−1 exp(−t)dt
≤ exp(−x)x−j−1, j ≥ 0, (5)
which gets more tight for low-to-moderate SNR regions.2 According to the
latter inequality, it stems that
fγj (x) ≤ f (B)γj (x), x > 0, (6)
where
f (B)γj (x) =
L∑
ij=1
aijc
−1
ij
ξ2j
(A0j γ¯j)
bij−1
xbij−2 exp
(
− cij
A0j γ¯j
x
)
, (7)
stands for the upper bound of the true PDF fγj (·) and can be directly obtained
from (3) by simply setting kj = bij − ξ2j − 1. In what follows, we use the
general form of (3) and we revisit the tightness of the bound (in the case
when bij − ξ2j ≤ 0) in the numerical results.
The CCDF of SNR at the jth transmission hop is given by
F¯γj (x) = 1− Fγj (x)
=
L∑
ij=1
bij−ξ
2
j−1∑
kj=0
ξ2j+kj−1∑
rj=0
Ξ(ij)(ξ
2
j + kj − 1)!
rj !
(
cij
A0j γ¯j
)ξ2j+kj−rj
× xrj exp
(
− cij
A0j γ¯j
x
)
, (8)
Based on the above statistics, the following lemmas provide the CDF for
end-to-end SNR for different types of relayed transmission mode.
Lemma 1 The CDF of the end-to-end SNR for a dual-hop CSI-assisted re-
layed transmission is derived by (9) in a closed-form expression.
2 The sharpness of this bound is manifested when x → +∞, such that Γ (−j, x) →
exp(−x)x−j−1, which reflects low-to-moderate SNR regions according to (1). It is notewor-
thy that the latter SNR regions are of particular interest in current study, since analytical
results only for the asymptotically high SNR region exist so far.
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FγCSI(x) = 1−
L∑
i1=1
bi1−ξ
2
1−1∑
k1=0
ξ21+k1−1∑
r1=0
L∑
i2=1
bi2−ξ
2
2−1∑
k2=0
ξ22+k2−1∑
p=0
r1∑
s=0
(
r1
s
)(
ξ22 + k2 − 1
p
)
×
2Ξ(i1)Ξ(i2)(ξ
2
1 + k1 − 1)!
(
ci1
A01 γ¯1
) p−s+1
2 +r1−ξ
2
1−k1
(x2 + qx)
p+s+1
2
r1!
(
ci2
A02 γ¯2
) p−s+1
2
exp
([
ci1
A01 γ¯1
+
ci2
A02 γ¯2
]
x
)
× xξ22+k2+r1−p−s−1Kp−s+1
(
2
√
ci1ci2
A01A02 γ¯1γ¯2
(x2 + qx)
)
(9)
Proof It holds that [11]
FγCSI(x) , 1−
∫ ∞
0
F¯γ1
(
x+
x2 + qx
y
)
fγ2(x+ y)dy. (10)
Hence, inserting (8) and (3) into (10), utilizing [4, Eqs. (1.111) and (3.471.9)],
and after performing some straightforward manipulations, (9) is obtained.
Lemma 2 The CDF of the end-to-end SNR for a dual-hop relayed transmis-
sion with a fixed gain is provided as
FγFixed(x) = 1−
L∑
i1=1
bi1−ξ
2
1−1∑
k1=0
ξ21+k1−1∑
r1=0
L∑
i2=1
bi2−ξ
2
2−1∑
k2=0
r1∑
s=0
(
r1
s
)
Ξ(i1)Ξ(i2)
×
2(ξ21 + k1 − 1)!
(
ci1
A01 γ¯1
) ξ22+k2−s
2 +r1−ξ
2
1−k1
U
ξ22+k2+s
2 x
ξ22+k2−s
2 +r1
r1!
(
ci2
A02 γ¯2
) ξ22+k2−s
2
exp
(
ci1
A01 γ¯1
x
)
×Kξ22+k2−s
(
2
√
ci1ci2
A01A02 γ¯1γ¯2
Ux
)
, (11)
where
U ,
(
E
[
1
γ1 + 1
])−1
=
[
L∑
i1=1
bi1−ξ
2
1−1∑
k1=0
Ξ(i1)Γ (ξ
2
1 + k1)
exp
(
− ci1
A01 γ¯1
)
× Γ
(
1− ξ21 − k1,
ci1
A01 γ¯1
)]−1
. (12)
Proof It holds that [11]
FγFixed(x) ,
∫ ∞
0
Fγ1
(
x+
Ux
y
)
fγ2(y)dy, (13)
Hence, following the same steps as for deriving (9), yields (11). Also, regard-
ing the derivation of (12), the fixed AF gain is defined as [5] U , (
∫∞
0
(x +
1)−1fγ1(x)dx)
−1. Hence, using [4, Eq. (3.383.10)], (12) is directly extracted.
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Lemma 3 The CDF of the end-to-end SNR for a DF relayed transmission is
expressed as
FγDF(x) , Fmin{γ1,γ2}(x) = 1−
2∏
j=1
F¯γj (x). (14)
4 System Performance
Capitalizing on the previously derived statistics, some useful metrics that de-
fine the overall system performance are analytically evaluated.
4.1 Outage Probability
The outage probability is defined as the probability that the SNR falls below
a certain threshold value, γth, such that Pout(γth) = Fγ(γth). With the aid of
the closed-form expressions of the previously derived lemmas, the system out-
age performance can be easily computed for each relayed transmission mode,
correspondingly.
4.2 Average Bit-Error Rate
The ABER is defined as [1]
P b ,
QP
2Γ (P )
∫ ∞
0
zP−1 exp (−Qz)Fγ(z)dz, (15)
where P and Q are fixed modulation-specific parameters. For the CSI-assisted
AF relaying scenario, the exact ABER is analytically intractable. Yet, the case
when q = 0 can serve as a sharp approximation in moderate-to-high SNR.
Proposition 1 The ABER of the end-to-end SNR for a dual-hop CSI-assisted
relayed transmission, when q = 0, is presented as
P¯bγCSI =
1
2−
∑L
i1=1
∑bi1−ξ21−1
k1=0
∑ξ21+k1−1
r1=0
∑L
i2=1
∑bi2−ξ22−1
k2=0
∑ξ22+k2−1
p=0
∑r1
s=0 (
r1
s )(
ξ22+k2−1
p )
×Ξ(i1)Ξ(i2)(ξ
2
1+k1−1)!
√
pi4p−s+1
(
ci1
A01
γ¯1
)p−s+r1−ξ21−k1+1
Γ (ξ22+k2+r1+p−s+P+1)Γ (ξ
2
2+k2+r1−p+s+P−1)
r1!
(
ci1
A01
γ¯1
+
ci2
A02
γ¯2
+Q+2
√
ci1
ci2
A01
A02
γ¯1 γ¯2
)ξ2
2
+k2+r1+p−s+P+1
Γ(ξ22+k2+r1+P+12 )
×2F1

ξ22+k2+r1+p−s+P+1,p−s+ 32 ;ξ22+k2+r1+P+ 12 ;
ci1
A01
γ¯1
+
ci2
A02
γ¯2
+Q−2
√
ci1
ci2
A01
A02
γ¯1γ¯2
ci1
A01
γ¯1
+
ci2
A02
γ¯2
+Q+2
√
ci1
ci2
A01
A02
γ¯1γ¯2


(16)
Proof The desired expression directly arises by setting q = 0 in (9), using (15),
and utilizing [4, Eq. (6.621.3)].
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Proposition 2 The ABER of the end-to-end SNR for a dual-hop relayed
transmission with a fixed gain is derived in a closed-form expression as
P¯bγFixed =
1
2−
∑L
i1=1
∑bi1−ξ21−1
k1=0
∑ξ21+k1−1
r1=0
∑L
i2=1
∑bi2−ξ22−1
k2=0
∑r1
s=0 (
r1
s )Ξ(i1)Ξ(i2)
× (ξ
2
1+k1−1)!
(
ci1
A01
γ¯1
) ξ22+k2−s−1
2
+r1−ξ
2
1−k1
U
ξ22+k2+s
2 QPΓ (ξ22+k2−s+r1+P)Γ (r1+P)
2r1!Γ(P )
(
ci2
A02
γ¯2
) ξ22+k2−s+1
2
(
ci1
A01
γ¯1
+Q
) ξ22+k2−s+2r1+2P−1
2
exp

−
ci1
ci2
2A01
A02
γ¯1 γ¯2
(
ci1
A01
γ¯1
+Q
)


×W
−
(ξ2
2
+k2−s+2r1+2P−1)
2
,
ξ2
2
+k2−s
2

 ci1 ci2
A01
A02
γ¯1 γ¯2
(
ci1
A01
γ¯1
+Q
)

 (17)
Proof The closed-form ABER directly arises by inserting (11) into (15), im-
plementing a change of variables
√
x → x in the resultant expression and
utilizing [4, Eq. (6.631.3)].
Proposition 3 The ABER of the end-to-end SNR for a dual-hop DF relayed
transmission is presented as
P¯bγDF =
1
2
−
L∑
i1=1
bi1−ξ
2
1−1∑
k1=0
ξ21+k1−1∑
r1=0
L∑
i2=1
bi2−ξ
2
2−1∑
k2=0
ξ22+k2−1∑
r2=0
2∏
j=1

 Ξ(ij)(ξ2j + kj − 1)!
rj !
(
cij
A0j γ¯j
)ξ2j+kj−rj


× Q
PΓ (r1 + r2 + P )
2Γ (P )
(
ci1
A01 γ¯1
+
ci2
A02 γ¯2
+Q
)r1+r2+P (18)
Proof The desired result trivially follows by evaluating the integral that arises
by inserting (14) into (15).
5 Numerical Results
In this Section, the accuracy of the proposed approach is numerically verified.
For the sake of clarity and without loss of generality, the analytical results
are cross-compared with numerical results modeled by simulating Gamma-
Gamma faded channels. Hence, αj and βj denote the small- and large-scale
channel fading parameters of the jth transmission hop, respectively. Recall
that bij = min{αj , βj}. Also, L = 10, r/wz = 0.1, and [P,Q] = [0.5, 1] (i.e.,
the coherent BPSK modulation scheme is considered). The considered outage
threshold is γth = 0dB (i.e., ensuring a minimum target data rate of 1 bps/Hz).
Curve-lines and circle-marks stand for the analytical and simulation results,
respectively.
In Figs. 1 and 2, the outage and ABER performance is, respectively, illus-
trated for the considered dual-hop relay schemes. The CSI-assisted AF relaying
outperforms the AF scheme with a fixed gain, while DF outperforms both AF
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Fig. 1 Outage probability vs. various average received SNR values, where γ¯1 = γ¯2 , γ¯.
schemes, as expected. Insightfully, the impact of the turbulence-induced fad-
ing severity is more critical to the system performance than the pointing error
effect. Furthermore, when min{αj, βj} > ξ2j , the analytical results perfectly
match the corresponding simulation points in the entire SNR regime. In the
case when min{αj , βj} ≤ ξ2j , the analytical results closely bound the simula-
tions, while the tightness of this bound is more emphatic for low-to-moderate
SNR regions. Thus, the remark of (5) is verified. It is also noteworthy that
the diversity order is the same for all the relay schemes and is related to the
minimum of the involved channel fading parameters [3, 12].
6 Conclusion
The performance of all-optical dual-hop relayed FSO systems was analytically
studied and evaluated in the entire SNR regime. Three popular relaying trans-
mission protocols were adopted, i.e., the CSI-assisted AF, AF with a fixed gain
and DF relaying schemes. The joint effect of turbulence- and misalignment-
induced channel fading was considered. Important system performance metrics
were derived in new closed formulations, i.e., the system outage probability
and ABER. Finally, a numerical verification of the analytical results was im-
plemented, manifesting the efficiency of the proposed approach.
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Fig. 2 ABER vs. various average received SNR values, under identical channel fading pa-
rameters for each transmission hop.
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